The present paper strongly extends a previous analysis dealing with the investigation of the three-dimensional Marangoni flow instability in cylindrical floating zones ͑straight liquid column of full-zone extent͒ of a low Prandtl liquid laterally heated by a ring positioned around the equatorial plane and under microgravity conditions. The new study gives insights into the combined influence of volume and gravitational effects. The deformation of the free melt-gas interface due to the gravity field is taken into account. Parallel supercalculus is used to reduce the otherwise prohibitive computational time. The prominent features of the three-dimensional field are largely dependent on geometrical parameters. The results ͑full zone͒ are heretofore unseen and show that the interplay between the upper half and lower half of the liquid domain is an essential factor for the correct description of the phenomena under investigation. They are contrasted with the case of the half zone for which a rich variety of interesting and worthy contributions is available in literature.
I. INTRODUCTION
In the last years great interest has been directed towards crystals of semiconductors and towards the crystallization process of special liquid metals and alloys. In fact, single crystals with good diffraction properties and structural quality are needed to achieve high resolution data on material structure, needed for progress in material science and computer technology.
Typically the crystals are obtained by solidification of liquid melts with a number of processes. However, most of the very pure silicon produced today is processed by the floating zone ͑FZ͒ technique. This method has proven to be the most practical solution to provide a suitable environment supporting growth with less contamination, more homogeneity and higher purity. [1] [2] [3] The melt in fact is heated by an external device without any physical contact with the container. For this reason, the study of the flow properties in ''liquid bridges'' and similar configurations with wide free surface, introduced as models to capture the essential and relevant hydrodynamics of the FZ process, has become over the years a topic of great interest.
To date however, in spite of the extensive body of interesting theory and worthy results available ͑they are not cited here for the sake of brevity͒ for the stability properties of the pure Marangoni flow ͑microgravity conditions͒ and of the mixed buoyant-Marangoni convection ͑on ground conditions͒ in the case of transparent liquids and simplified ''halfzone'' configurations, the investigation of these topics in the case of volumes of ''full-zone'' extent heated through the melt-gas interface can be considered still an open task. The half zone model has enjoyed widespread use over the years as a paradigm model for testing our ability to predict the behavior of surface-tension-driven flows. On the contrary, very few works related to the numerical analysis of these aspects in the case of ''complete'' floating zone configuration have appeared in literature and many of these analyses were based on the simplifying assumption of axisymmetric flow ͑e.g., Refs. 4 and 5͒. Axisymmetric simulations alone however do not adequately address the role of disturbances in inducing the instability of Marangoni flow. These studies require fundamentally three-dimensional ͑3D͒ representations of the waves or modes.
Only recently some three-dimensional numerical results have become available. [6] [7] [8] [9] [10] [11] The major outcome of these analyses is that for semiconductors and liquid metals the first bifurcation is stationary ͑i.e., the supercritical state is threedimensional and steady͒ and that the regime becomes oscillatory only when the Marangoni number is further increased ͑second oscillatory bifurcation, Ma c2 ϾMa c1 ). The effect of the ratio of the length and of the diameter of the liquid zone ͑geometrical aspect ratio͒ in the case of cylindrical configuration and microgravity conditions was investigated in the recent work of Lappa. 12 Despite the aforementioned noteworthy progress, there are still many open questions regarding the effect of the gravity ͑on-ground conditions͒. Superimposed on this is the poor state of our current understanding of the influence of the volume of the liquid held between the supporting rods of the floating zone ͑there is not any 3D result dealing with this topic in the case of the full zone configuration͒.
It is thus, on these unresolved issues that the present analysis is mainly focused. The present work can be seen as an additional step in evolutionary progress towards the full understanding of the above-mentioned arguments. The aim of the present study in fact is to extend the previous a͒ Author to whom correspondence should be addressed. Also at: Via Salvator Rosa 53, San Giorgio a Cremano, 80046 Napoli, Italy. Electronic mail: marlappa@marscenter.it, marlappa@unina.it investigation 12 carrying out a parametric analysis ͑still absent in literature͒ of the influence of volume of the ͑full͒ liquid zone on the features of the three-dimensional instability of Marangoni flow in the case of low Prandtl number liquids. The computations are based on the direct solution of the nonlinear, three-dimensional and time-dependent NavierStokes equations and parallel supercalculus. The deformation of the free surface due to the gravity field is taken into account since the amphora-shape should provide more accurate simulation of the on-ground conditions. Due to the lack of numerical and experimental information, the investigation is focused in particular on the first ͑stationary͒ bifurcation to 3D flow. The present contribution appears as the first attempt to analyze in detail these behaviors.
II. PHYSICAL AND MATHEMATICAL MODEL
A. Modeling the floating zone: The on ground ''full-zone'' configuration
The half-zone model was introduced in the middle 1970s as a vehicle for performing experiments in well controlled conditions and has become over the years a widely diffused model for the study of the features of the Marangoni flow in floating zones. The half-zone model simulates half of a real floating zone ͑the liquid between one of the ends of the domain and the equatorial plane͒; it consists of a pair of coaxial, solid cylindrical disks with a bridge of liquid material suspended between them; the presence of a ring heater around the equatorial plane is simulated heating one of the two supporting disks with respect to the other whereas heat flow is neglected through the free surface. Surface tension forces drive fast fluid motion in the free surface from the hot disk to the cold one giving rise to a single toroidal vortex.
The Marangoni flow in a liquid column of full-zone extent with quasi-cylindrical free surfaces is characterized by two separated toroidal vortices in the upper and lower part of the zone. Each of these parts corresponds approximately to a half-zone configuration. The half-zone configuration has distinct advantages for both the experimentalist and numerical investigators. In particular the ends of the domain are isothermal, the interface is adiabatic and the applied temperature difference ͑difference of the temperature of the supporting disks͒ driving the Marangoni surface flow can be fixed a priori in the analyses.
Under normal gravity conditions the upper half of the full-zone model is influenced by the buoyancy forces. On the other hand, the lower half is less affected by buoyancy since the upper temperature is higher than the lower one. Consequently the Marangoni effect dominates the convection in the lower half of the full zone.
In the light of the above arguments it is easy to understand why the half-zone ͑heated from above͒ configuration has been preferred in the on ground fundamental research devoted to the investigation of Marangoni flow. It is worthwhile to point out, however, that the flow situation in the half zone corresponds to that of half of a floating zone, but this correspondence is very approximate. In a real floating zone in fact, the equatorial plane is characterized by radial temperature gradients and radial flow whereas in the half-zone model the boundary conditions for temperature and velocity on the hot disk, simulating the heat source around the equatorial plane of a real floating zone, require isothermal conditions and no-slip conditions, respectively.
Moreover, on ground the mirror symmetry of the shape of a real floating zone with respect to the equatorial plane does not occur. In a zero gravity environment the shape of the gas-melt interface is symmetric with respect to the heating center whereas on earth the gravitational acceleration results in a surface shape that bulges out below the equatorial plane and necks in above it. This causes an asymmetry in the structure and intensity of the two aforementioned rolls. For these reasons the assumption of the full-zone model is the only way to capture the essential hydrodynamics of the FZ on ground. It is used herein as a relevant ''testbed'' for applying simulations to a technologically important problem.
B. Basic assumptions
The geometry of the problem is shown in Fig. 1 . The floating zone is confined between two coaxial cylindrical rods of diameter D placed 2L apart, heated at the mid-height by an external ring heater. The upper and lower solid-melt interfaces are assumed to be flat and they are kept at the melting point temperature T m . The maximum temperature on the free surface is denoted by T max . The temperature difference acting on the free surface is a result of the Marangoni flow itself and follows from the calculations. The temperature difference achieved for the 2D solution used as initial condition for the 3D computations is denoted by ⌬T (T max ϪT m ) and is used for the definition of the Marangoni number. The overbar denotes dimensional quantities. The liquid is assumed homogeneous and Newtonian, with constant density and constant coefficients; viscous dissipation is negligible. The liquid filling the bridge is bounded by a liquid-gas interface with a surface tension exhibiting a linear decreasing dependence on the temperature:
where o is the surface tension for T ϭT m and T ϭϪd /dT Ͼ0.
The geometrical aspect ratio of the full zone A F is defined as A F ϭ2L/D; the aspect ratio of the corresponding half zone ͑half of the considered full zone͒ is defined as A H ϭL/DϭA F /2. The nondimensional liquid bridge volume or volume factor is defined as SϭV/Vo where Voϭ2R 2 L. With regard to the computation of the free surface shape, it is well known ͑e.g., by estimates of Refs. 13-15͒ that in the limit of very small capillary number the free-surface shape is independent of the flow and temperature fields and depends only on the volume of liquid and the hydrostatic pressure difference.
The interface location is determined in fact by the hydrodynamic and the Laplace pressure. The relative importance of these quantities is given by the ratio of the relative magnitudes ( T ⌬T/L) and o /L. This ratio is the abovementioned capillary number Caϭ T ⌬T/ o . If Ca→0 ͑i.e., CaӶ1͒ the dynamic surface deformation can be neglected. This aspect was demonstrated through numerical computations by Chen and Roux, 13 and Kuhlmann and Nienhüser 15 for values of the Prandtl number and conditions very close to that considered in the present investigation. They provided quantitative information on the shape and amplitude of dynamic free surface deformations for two-͑Chen and Roux 13 ͒ and three-dimensional Marangoni flows ͑Kuhlmann and Nienhüser 15 ͒, respectively. In the light of their results the interface can be assumed to be rigid and axisymmetric around the z axis; its radial coordinate is a function only of the z variable ͓rϭc (z)͔. Under such assumption, the hydrostatic shape is obtained from the Gauss-Laplace equation, relating the local curvature of the surface to the pressure jump along the liquid-gas interface:
͑2͒
where R 1 and R 2 are the principal radii of curvature at each point of the surface. Equation ͑2͒ may be reformulated in dimensionless form in the cylindrical coordinates by substituting the analytical expression of the principal radii of curvature in axisymmetric geometry in terms of the surface equation
͑3͒
The parameter k 2 ϭL 2 g/ takes into account the deformation of the shape under gravity conditions. It depends on the value of the g-level, on the length of the floating zone and on the properties of the liquid under investigation ( and ). Each value of the parameter k 1 ϭL⌬p/ corresponds to a fixed volume of the liquid zone. For the present analysis, the value of k 1 has been changed in Eq. ͑3͒ in order to obtain the desired volume V and the equation has been integrated by a shooting method with the conditions that the liquid is attached to the solid supports:
C. Nondimensional field equations and boundary conditions
The flow is governed by the continuity, Navier-Stokes and energy equations, that in nondimensional conservative form read
where V and p are the nondimensional velocity and pressure, Pr is the Prandtl number ͑defined by Prϭv/␣ where v is the kinematic viscosity and ␣ the thermal diffusivity͒. The Rayleigh number is defined as RaϭRa r (⌬T) where Ra r ϭg␤ T L 3 /v␣ and ␤ T is the thermal expansion coefficient. The nondimensional form results from scaling the cylindrical coordinates (r,z) by half of the axial distance between the circular disks ͑L͒ and the velocity components (ū ,v ,V ) by the energy diffusion velocity V ␣ ϭ␣/L; the scales for time and pressure are, respectively, L 2 /␣ and ␣ 2 /L 2 . The temperature is measured with respect the initial temperature T m :
The boundary conditions on the rigid disks are the no-slip condition and the temperature conditions. The boundary conditions on the free surface ͓rϭc(z)͔ are the kinematic conditions of a stream surface ͑zero normal velocity͒, the well known Marangoni conditions ͓shear stress balance, where the reference Marangoni number Ma is defined as Ma ϭMa r (⌬T) with Ma r ϭ T L/␣] and the condition for the heat flux. Following Lappa, 12 in the present paper the distribution corresponding to the radiative flux generated by an annular ring heater positioned at a distance hϩR/L from the axis of the liquid zone, is adopted. The relationships and models proposed in the frame of that previous analysis, however, are modified and further improved in order to take into account the curvature of the liquid-air interface.
Each point C disposed on the ring heater between the points A and B, see Fig. 1 , gives a radiative contribution to the generic point P of the free surface; this contribution is
where Q is the power supplied to the ring heater, the thermal conductivity of the liquid, ␦ the distance between the points C ͑on the ring heater͒ and P ͑on the free surface͒ and is the angle between n គ ͑unit vector orthogonal to the free surface in P͒ and the direction PC.
Thus the total flux in P can be computed as
where
where hϭ0.5 and is the emissivity of the free surface.
Figures 2͑a͒ and 2͑b͒ show the heat flux profile and the surface temperature distribution versus the volume parameter for a fixed input power supplied to the heating device. The maximum of the curves is an increasing function of the parameter S ͑the distance between the ring heater and the free surface is reduced in fact if the volume of the liquid is increased͒.
To adequately take into account the on ground deformation of the free surface, the body-fitted curvilinear coordinates are adopted. The noncylindrical original physical domain in the (r,z,) space is transformed into a cylindrical computational domain in the ͑,,͒ space by
the radial coordinate r ranges from ϭ0 ͑at the symmetry axis͒ up to ϭ1 at the free surface; the axial coordinate varies from ϭϪ1 at the bottom disk up to ϭ1 at the top disk. Thus in cylindrical coordinates the field equations read
For the sake of brevity the details of the transformation are not shown ͑they would require many pages of the present paper͒. They will be found in Lappa et al. 16 and in the excellent paper of Sim and Zebib. 17 At the interface
III. NUMERICAL METHOD
In the case of deformed shape, transformed equations ͑11͒ were solved numerically in the ͑,,͒ space in primitive variables by a time-explicit finite-difference method ͑SMAC method͒. The transformed domain was discretized with a uniform cylindrical mesh and the flow field variables defined over a staggered grid. The axial velocity component is staggered in axial direction with respect to the point in which temperature and pressure are computed. In a similar way the radial and azimuthal velocity components are staggered in radial and azimuthal directions, respectively.
Forward differences in time and central-differencing schemes in space ͑second order accurate͒ were used to discretize the energy and momentum partial differential equations. Parallel supercalculus was used due to the enormous time required for the computations. For further details on the numerical method see, e.g., Lappa and Savino. 18 Following Lappa 12 and according to linear stability criteria, the critical Marangoni number is computed as the Marangoni number at which the growth rate of the azimuthal velocity disturbances becomes zero.
The numerical code has been validated through comparison with the results of Lan and Chian 10 since they deal with the same value of the Prandtl number ͑Prϭ0.01͒ investigated in the present paper. For the same reason further validation for the case of deformed surface has been carried out through comparison with the recently published results of Lappa, Yasushiro, and Imaishi 19 and with new computations carried out on purpose by Yasushiro ͑private communication, see Tables I and II͒ in the case of silicon half zones ͑note that results dealing with noncylindrical full zones are not available for comparison and other on ground-based results for the case of half-zone deal with Pr 0.01͒. For further details on the validation and on the grid refinement study carried out on the influence of the number of points used in axial, radial, and azimuthal direction, see Lappa 12 ͑the details are not shown here for the sake of brevity and to avoid overlap and repetition with respect to the previous work͒.
IV. RESULTS
Because of the considerable computation time involved ͑each run has required about ten days of CPU time͒ the in- 
A. Symmetry breaking and instability threshold
In the axisymmetric state ͑prior to the transition͒ the maximum of the surface tension occurs at the contact points ͑disks͒, and the minimum occurs near the midsection of the floating zone. The liquid is therefore driven along the surface away from midsection and toward both top and bottom side walls. Because of the geometrical constraints, the liquid has to turn to flow along the side walls, then along the axis, and then it has to flow back toward the surface along the midsection of the liquid zone. The resulting two toroidal vortices have similar form but rotate in the opposite directions. In a zero gravity environment the shape of the gas-melt interface is symmetric with respect to the heating center and the two toroidal vortices are one the mirror image of the other. In the earth environment gravity, however, has a strong influence on this shape. The shape becomes convex to the melt at the upper zone and concave at the lower zone. This causes an asymmetry in the structure of the two rolls, with the lower roll being more intense for SϽ1 and vice versa for Sу1 ͑Fig. 3͒. For SϽ1 they are not mirror symmetric with respect to the equatorial plane, but each vortex cell is still confined to the respective half of the floating zone ͓Fig. 3͑a͔͒. For S у1 the effect of the shape on the flow field results in a larger vortex cell in the upper region which extends into the lower half confining the other cell to a small region in the lower half ͓Fig. 3͑b͔͒.
Therefore, an exhaustive discussion of the present results is not possible if limited to previous studies dealing with the half zone ͑see, e.g., the excellent Refs. 20-25͒ as the complete structure of the convective field is required to account for nonlinearities and other complex effects arising from the mutual interaction of the two aforementioned ''facing'' toroidal vortices ͑see also Lappa 12 for additional relevant background information͒.
The first bifurcation of the basic flow described above breaks the spatial axial symmetry of the basic solution and replaces this solution of maximum symmetry with another steady flow having a different pattern of symmetry. Investigators usually characterize this pattern specifying the azimuthal wave number m of the instability ͑see the next paragraph for details dealing with this aspect͒.
Within this context, it is worthwhile to stress how multiple solutions are possible for the final stationary state: The governing equations with azimuthally uniform boundary conditions admit in fact rotational transformation on any azimuthal angle ͑private communication of Dr. V. Shevtsova͒; this means that possible numerical solutions can be azimuthally shifted with respect to each other, but being absolutely identical-that is the features of the final stationary state ͑wave number, amplitude of the saturated disturbances͒ are always the same ͑a similar behavior for the half zone was already pointed out in the work of Lappa and Savino 
1).

B. 3D patterns of symmetry
After the bifurcation the flow field can be interpreted as the superposition of steady sinusoidal azimuthal disturbances to a reference axisymmetric state. Following Lappa, 12 for each of the two toroidal convection rolls in the upper and lower parts of the floating zone, the superposition of threedimensional disturbances to the aforementioned axisymmetric basic state can be expressed as
where F(r,z,) is the generic flow field variable, the subscript ͑o͒ refers to axisymmetric state (iϭlow, convection roll in the lower part of the full zone; iϭup, convection roll in the upper part of the full zone͒, and G i is a constant phase shift related to the azimuthal position of the disturbance extrema for the considered convection roll. Table III shows that the azimuthal wave number of the critical mode ͑m͒ is a function of the volume of the full zone. In particular the critical number is mϭ1 for SХ1 whereas higher values have been found for different values of the volume ͑m increases if the volume is increased or decreased with respect to Sϭ1.0): mϭ1 for 1рSр1.1, mϭ2 for S ϭ1.2, and Sϭ0.9 and mϭ3 for 0.8рSр0.85.
As previously pointed out, the flow structure is related to the value of m and hence depends on the value of S. Higher is m, more complex is the flow organization. When m is increased multicellular structures are formed.
Figures 5͑a͒-5͑d͒, 6͑a͒-6͑d͒, 7͑a͒-7͑d͒, and 8͑a͒-8͑d͒ show for each value of S the axial velocity in the crosssection orthogonal to the z axis, the azimuthal velocity in the same section, the azimuthal velocity distribution on the free surface and the convective field in specific meridian planes, respectively.
In particular according to Figs. 5͑c͒, 6͑c͒, 7͑c͒, and 8͑c͒, F up (r,z) F low (r,Ϫz), i.e., the strength of the disturbances at the 3D stationary state is different according to the relative position of the convection roll with respect to the equatorial plane ͑above or below͒. This is a notable distinguishing mark with respect to the microgravity cylindrical case investigated by Lappa. 12 Moreover, G up ϭG low ϩ/m for all the cases investigated, i.e., the azimuthal disturbances always exhibit nonsymmetric behavior with respect to the midplane. The toroidal roll in the upper part tends in fact to exhibit the maxima of the azimuthal disturbance around the positions where the other one ͑lower half͒ is characterized by the minima and vice versa ͓see again Figs. 5͑c͒, 6͑c͒, 7͑c͒, and 8͑c͔͒.
It is also worthwhile to describe in detail the structure of the flow in the generic meridian plane. right vortex cell in the upper part merge giving rise to a vortex extended along the whole axial plane of the full zone; the other cells contract up to be confined in the left and right corners of the upper and lower half, respectively.
For mϭ2 the flow is symmetric with respect to the axis; however, it may be strongly asymmetric with respect to the equatorial plane ͓Fig. 6͑d͔͒.
The azimuthal wave number increases in case of deviation from a volume equal to the cylindrical one for both cases SϽ1 and SϾ1. However, the toroidal convection rolls located in the upper part and lower part exhibit different interaction according to the concavity of the free surface ͑i.e., the behavior is different for concave and convex floating zones͒.
In the case of slender configuration (SϽ1) the flow exhibits nearly complete separation of the toroidal vortices ͓see Figs. 5͑c͒, 6͑c͒, 5͑d͒, and 6͑d͔͒ . On the contrary, for Sу1 strong interaction occurs. Figures 7͑c͒, 8͑c͒, 7͑e͒ , and 8͑e͒ show that coalescence of the toroidal convection rolls occurs. Moreover ͓see, e.g., Figs. 7͑b͒ and 8͑b͔͒ an ''apparent'' doubling or quadrupling of the azimuthal wave number of the azimuthal velocity distribution in the equatorial plane appears. As previously discussed ͓Eq. ͑13͔͒, each cross section of the floating zone is characterized by m maxima ͑minima͒ of the azimuthal velocity disturbance. For Sу1, close to the equatorial plane (zϭ0), however, the number of maxima ͑minima͒ becomes 2m ͑e.g., the number of maxima of the azimuthal velocity in the midplane is doubled, with respect to cross sections far from this plane͒. This behavior is evident for rϾ0.5/A F ͑i.e., close to the free surface͒. It is due to the aforementioned strong interaction that occurs between the upper and lower rolls in this case. The toroidal vortices are very close or coalesce. For this reason the equatorial cross section is affected by the azimuthal flow induced by both. Since, as previously pointed out, the angular positions of the disturbance maxima ͑minima͒ for the upper roll do not coincide with those of the lower roll ͑nonsymmetric azimuthal disturbances with respect to the equatorial plane͒, the liquid region in the middle is characterized by mϩm maxima ͑minima͒; these phenomena have been already discussed in detail in Lappa 12 in the case of Sϭ1 and microgravity conditions.
In contrast, no doubling mechanisms is observed for the case SϽ1 ͓Figs. 5͑b͒ and 6͑b͔͒. These intriguing phenomena could be crucial for the behavior of the critical Marangoni number as will be pointed out in the next paragraph.
C. Physical explanations and comparison with the half zone
The stabilization and destabilization mechanisms are not trivial. However, possible explanations could be outlined on the basis of several lines of evidence supported by previous analyses; see, e.g., Lappa 16 and the excellent works of Levenstam and Amberg 20 and Nienhüser and Kuhlmann 25 where the diameter of the toroidal roll and the curvature of the free surface were proven to have a crucial role on the stability ͑half zone͒ threshold. In particular in the light of the ideas and concepts highlighted in Lappa, 12 the increase or decrease of the diameter of the convection rolls due to the static deformation of the shape and the relative importance of bounds and degrees of freedom of the Marangoni toroidal convection rolls ͑this relative importance being dependent on the shape of the free surface͒ can be used to draw general ''physical'' principles.
It is well-known 18 -25 that the critical wave number should be related to the axial extension L V and to the diameter D V of the centerline of the convection roll, i.e., it should scale with the parameter A V ϭL V /D V . For instance, in agreement with this theory, Lappa et al. 16 found mA V Х1.33 in the case of half-zone configurations ͑i.e., m increases if A V is decreased͒. Along these lines it is possible to link the behaviors described in the foregoing paragraphs to the effective aspect ratio of the toroidal convection rolls.
For the present case SϽ1 ͓Fig. 3͑a͔͒, the vortex of the basic state located in the upper half of the full zone is confined to the corner between the concave free surface and the upper supporting disk. This decreases the axial extension of the upper toroidal convection roll thus reducing its value of A V . For this reason the upper half of the floating zone behaves ͑approximately͒ as a half zone of low aspect ratio thus increasing the value of the azimuthal wave number. On the other hand, for SϾ1 the increase of the azimuthal wave number is related to the increase of the diameter D V of the toroidal vortex in the lower half of the floating zone ͓Fig. 3͑b͔͒. In this case in fact the shape becomes concave at the upper zone and convex at the lower zone, i.e., the gravitational acceleration results in a surface shape that bulges out below the equatorial plane and necks in above it. This decreases the value of A V for the lower convection roll and increases m for the same reasons discussed for the case S Ͻ1.
The foregoing discussion elucidates why m increases in case of deviation from a volume equal to the cylindrical one for both cases SϽ1 and SϾ1. With regard to the trend of the critical Marangoni number shown in Table III , the attention has to be focused directly on the degrees of freedom of the toroidal vortices.
In principle each convection roll is bounded by a wall from one side and it is free to interact in nonlinear way with the opposite convection roll from the other side. It can puff up crossing the midplane and protruding in the opposite side of the liquid zone; moreover ''coalescence'' of the toroidal convection rolls can occur ͓see, e.g., Figs. 7͑d͒ and 8͑d͔͒ ; however, these degrees of freedom are somehow reduced in the case SϽ1 ͓Figs. 5͑d͒ and 6͑d͔͒. In this case in fact, due to the concave shape of the free surface, the convection rolls are confined each to the respective half of the full-zone configuration ͑this prevents mutual interference and strengthens the constraints for the flow field leading to a larger value of the critical Marangoni number͒. On the contrary, for Sу1 each toroidal roll is free to interact with the opposite roll and to become pervasive throughout the system lowering the stability threshold. This explains why the critical Marangoni number tends to be higher for the case SϽ1.
A last aspect needs clarification: The minimum value of the critical Marangoni number occurs at intermediate values of the volume (SХ1.1). A possible explanation of this behavior can be based on the findings of Nienhüser and Kuhlmann. 25 They concluded that in the case of liquid metals and noncylindrical half zones, two different ͑straining and centrifugal͒ mechanisms are responsible for the inertial instability of Marangoni flow. The first contribution is due to the strain in the vortex center near the free surface ͑as previously pointed out also by Levenstam and Amberg 20 and Leypoldt et al. 21 for the case of cylindrical interface͒. The second contribution is due to centrifugal effects related to the curvature of the surface.
For small volumes the basic vortices are stretched in axial direction and displaced towards the walls ͓as shown in Fig. 3͑a͔͒ . In this case according to their analysis, the enhanced strain on the vortex due to the geometrical constraints leads to a high contribution of the strain-induced instability mechanism. On the other hand, due to the position of the basic vortices, the contribution of the centrifugal destabilization mechanism is less important.
On the contrary, when the volume increases, the basic streamlines become more circular ͓as shown in Fig. 3͑b͔͒ , indicating less strain, and the efficiency of the mechanism in the vortex core is substantially reduced. For this case, however, the centrifugal mechanism becomes more important. leading to an optimum ͑minimum͒ critical Marangoni number ͑Nienhüser and Kuhlmann 25 
͒.
The proposed principles exhibit interesting capabilities to elucidate the effect of geometrical parameters and to identify cause-and-effect relationships, i.e., to give insights into the physical mechanisms driving the phenomena under investigation.
D. The effect of gravity
The comparison between the computations in the case of microgravity ͑the previous analysis Lappa 12 ͒ and normal gravity conditions ͑present results͒ gives insight into the gravity effects for the full zone.
In the case of microgravity conditions and cylindrical shape, the azimuthal wave number and the critical Marangoni number are mϭ2 and Ma c 1 ϭ12.43, respectively ͑Lappa 12 ͒. If the deformation of the shape is taken into account ͑Table III͒ the most dangerous azimuthal wave number is mϭ1 and the value of the critical Marangoni number (Ma c 1 ϭ8.40) is significantly decreased with respect to the case where the cylindrical shape is assumed ͓⌬Ma c 1 ϭO(40%)͔. Therefore for a volume equal to the cylindrical one the on ground Marangoni flow in the liquid column of full-zone extent is destabilized with respect to microgravity conditions and the azimuthal wave number is shifted to a lower value.
With regard to the half zone, some interesting results about liquid bridges (A H ϭ1, Lϭ1 cm) heated from above or from below in the case of low Prandtl number liquids were yielded by Lappa, Yasushiro, and Imaishi. 19 According to their simulations if the deformation of the shape is taken into account, gravity always acts stabilizing the Marangoni flow regardless of the direction of the gravity vector ͑parallel or antiparallel to the axis͒ whereas in the case of straight surface the heating from below condition leads to destabilization of the flow. The on ground deformation of the shape also influence the value of the azimuthal organization of the flow field. The azimuthal wave number is shifted to higher values if the heating from above condition is considered.
With regard to the full-zone note that on ground, the upper half behaves ͑approximately͒ as an half zone heated from below whereas the lower half behaves ͑approximately͒ as a an half zone heated from above. Direct comparison between the available results in the case of half and full zones is not possible. In the case of full zone configuration the surface ͑amphora-like shape due to the gravity field͒ is heated at midheight by an external heat source; in the case of half zone the amphora-like interface is put in contact with the heat source at the bottom ͑bridge heated from below͒ or at the top ͑bridge heated from above͒. Moreover in the case of full zone the aforementioned strong interaction between the two toroidal vortices ͑apparent doubling or quadrupling of the azimuthal wave number around the equatorial plane and/or coalescence of the toroidal convection rolls͒ occurs, making for Sу1 the interplay between the upper half and lower half an essential factor for the correct description of the phenomena under investigation. Because of the complexity of the full zone with respect to the half model, the important principles and main results underlying half-zone-based investigations are of little help in elucidating the gravity effect in full-zones.
It is worthwhile to stress how for the latter case, in order to discern the effect of the buoyancy forces with respect to that induced by the shape, the buoyancy can be artificially neglected ͑Raϭ0͒. Numerical simulations repeated after ''switching off'' the effect of buoyancy ͑the Boussinesq term in the Navier-Stokes equations͒ show that for low values of the imposed temperature difference ͑i.e., near the threshold of the first bifurcation͒, the influence of the buoyancy forces on the flow field is very weak ͑the difference between the results lies below 3%͒.
It is interesting to point out that the same conclusion has been obtained recently by Nienhüser and Kuhlmann 25 for the half-zone configuration and a value of the Prandtl number ͑Prϭ0.02͒ very close to that investigated in the present work ͑in their work the dependence of the critical Reynolds number on the volume fraction, gravity level, and aspect ratio has been explained by analyzing the energy budgets of the neutral modes͒.
Their result and the present ones, even if obtained with very different techniques, show that both half-zone and fullzone of liquid metal are quite insensitive to the effect of the buoyancy forces near the threshold of the stationary instability.
In summary, for the case of very low values of the Marangoni number ͑i.e., of the temperature gradient acting along the melt-gas interface͒, the main effect of the gravitational field on the features of the instability comes through its influence on the shape of the free surface, whereas the role played by the buoyancy effect can be considered almost negligible.
For the sake of completeness it should be pointed out that many studies 26 -30 also have appeared where the stability of the combined Marangoni buoyant convection was investigated in the case of the simplified half-zone configuration and in the case of transparent ͑Prӷ1͒ liquids. However, they cannot be considered for comparison since they deal with a different type of instability ͑of the hydrothermal type͒ that is not relevant for the problem under investigation.
V. CONCLUSIONS
The features of the Marangoni flow instability in floating zones ͑full configuration͒ of a low Prandtl liquid have been investigated by direct three-dimensional and time-dependent simulation of the problem. The method has been used to shed some light on the heretofore unknown effect of the volume of the laterally heated liquid zone under normal gravity conditions ͑i.e., to investigate the interplay of volume and gravity effects in determining the fluid-dynamic environmental conditions within the floating zone͒. To overcome the prohibitive time required for the accurate simulation of the problem, a parallel code has been developed. Body-fitted curvilinear coordinates have been adopted to handle the noncylindrical interface deformed due to gravity effects.
The convective structure can be very sensitive to the effect of the gravity field as well as to the influence of the liquid volume held between the supporting rods. The results in fact show that for a volume equal to the cylindrical one the Marangoni flow is destabilized by the effect of gravity with respect to microgravity conditions ͑straight surface͒ and the azimuthal wave number is shifted to a lower value. Moreover, on earth the azimuthal wave number increases if the volume is increased or decreased with respect to the situation Sϭ1.
The paper strongly extends a previous investigation carried out for the case of the full-zone configuration under the constraint of nondeformed shape and volume equal to the cylindrical one. The numerical simulations point out important differences ͑and analogies͒ with respect to the case of straight melt-gas interface and zero g conditions as well as with respect to the half-zone configuration. The combined results of the present and of the previous analysis provide a quite exhaustive picture about the effect of some geometrical factors ͑aspect ratio, volume, and shape͒ on the first bifurcation of Marangoni flow occurring in laterally heated liquid zones.
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